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Preface
This document is a concept report (concept rapportage) of the project “Ellipticity implementation in D3D”

(RWS bestelnummer 4500268550, TUD kenmerk 17363). We present the overall structure of the final report.
The text in red highlights incomplete sections.
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Abstract

The currently applied model for predicting mixed-sediment river morphodynamics at large spatial scales
and long time scales may be ill-posed under certain circumstances. In these conditions produces unphys-
ical and unrealistic results. The conditions in which the model loses its predictive capabilities have been
thoroughly studied under the assumption of one-dimensional flow. In this project we extend the analysis
to two-dimensional conditions. We implement a routine in the software package Delft3D to check whether
simulations run with this software suffer from ill-posedness.
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1 Introduction

In modeling the morphodynamic change of a river, estuary or the coast, most often a set of equations representing
flow is solved in combination with an equation accounting for mass conservation of bed sediment. This approach,
however, does not capture the mixed character of the sediment. The mixed character of the sediment in alluvial
rivers is a property necessary to explain physical phenomena such as downstream fining (Sternberg), |1875; |Blom
et al.l 2016), the gravel sand transition zone (Yatsu, [1955), the formation of bedload sheets (Seminara et al.,
1996)), the evolution of bars (Lanzoni and Tubinol [1999), and bed surface armoring (Parker and Klingeman),
1982).

The currently applied model for predicting mixed-sediment river morphodynamics at large spatial scales
and long time scales is the active layer model (Hiranol [1971). This is a deterministic model where the bed is
discretized into layers and the sediment mixture in a finite number of size fractions. The topmost layer (the
active layer) interacts with the flow (i.e., the sediment transport and friction depend on the conditions of this
layer) while the layers below (the substrate) only act as bookkeeping system. There is a sediment flux from and
to the active layer if there is a time variation of the elevation of the interface between the active layer and the
substrate.

This model has proven its value over a wide range of different situations for decades. Nevertheless under
some circumstances the model may be ill-posed (Ribberinkl |1987; |Stecca et al.l [2014; |Chavarrias et al.)) and in
these conditions produces unphysical and unrealistic results (Joseph and Saut, |1990; |Chavarrias et al.)).

There are alternatives to the active layer model such as the one by |Ribberink| (1987) where a second active
layer is taken into account. This model was derived for dune-dominated cases and it does not solve the problem
of ill-posedness (Sieben) [1997)). The continuous model by [Blom et al| (2003, 2006, |2008) was also derived for
dune dominated cases and it is not applicable at large space scales or long time scales (Blom} |2008). A simplified
continuous model derived by |Viparelli et al|(2017)) is applicable at large scale but it can also become ill-posed
(Chavarrias et al.). Thus, the active layer model is still the main model for predicting mixed sediment river
morphodynamics.

When the relevant morphodynamic characteristics can be well reproduced in a one-dimensional approach,
the flow is often represented by the |Saint- Venant| (1871)) equations. The conditions under which this system of
equations can be ill-posed have been studied by, for instance, |Ribberink| (1987)), |Sieben| (1997)), and |Stecca et al.
(2014). When flow curvature plays a significant role in the morphodynamics the one-dimensional approach is
no longer valid. This fact is clearly seen in river bends where the curvature of the flow creates a shallower
inner bend and deeper outer bend as was first observed and explained by |Thomson| (1876). In these cases
the flow is intrinsically three-dimensional and is characterized by a mean flow and a secondary or spiral flow.
For large temporal and spatial scales as typically occurs in engineering applications, it is not feasible to solve a
three-dimensional system of equations. However, the secondary flow can be parametrized and included in a two-
dimensional system of equations (i.e., the Shallow Water Equations), considerably reducing the computational
time (Kalkwijk and Booij, [1986)). The parametrization is based on the intensity of the secondary flow I which
is a measure of the magnitude of the velocity component normal to the depth-averaged velocity. An advection-
diffusion equation models this variable which is found in extra terms in the momentum equations. Thus, the
consideration of secondary flow not only modifies the momentum equations but also adds an extra equation to
the system. |Chavarrias and Ottevanger| (2016) studied the mathematical character of the system of equations
formed by the Shallow Water Equations in combination with the active layer model. However, they did not study
the effect of considering secondary flow. They implemented a routine in the software package Delft3D to obtain
the parameters needed to assess the well-posedness of a simulation. Yet, the actual check on the parameters was
not implemented. Moreover, they did not study the implications of ill-posedness in 2D numerical simulations.

The objective of this project is to extend the previous analysis by including secondary flow. An analytical
study of the system of equations will shed light on the relative importance of this specific mechanism with
emphasis on the role of diffusive processes on the mathematical character of the system of equations. We aim
at showing the consequences of ill-posedness in 2D numerical simulations and to assess the implications for field
cases.

The report is organized as follows. In Section [2| we summarize the research questions. The model equations
are shown in Section[3] In Section [] we linearize the system of equations. In Section [5] we present the results of
the linear analysis. In Section [f] we discuss the implementation of the check in Delft3D together with the results
of its application to numerical simulations. In Section [7] we discuss our results and sketch the future work. In
Section [§] we present the main conclusions.

2 Research Questions and Methodology

Our objective is to study the mathematical character of the system of equations used to model mixed-sediment
morphodynamics in two dimensions. We will focus on the following research questions:
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1. What is the role of secondary flow as regards to the mathematical character of the system of equations?
2. What are the consequences of ill-posedness in 2D numerical simulations?
3. What are the implications of ill-posedness in field cases?

To answer Research Question 1 we will conduct a mathematical analysis of the system of equations composed
by the Shallow Water Equations in combination with the active layer model and secondary flow. We will assess
the role of diffusive processes as well as the relative importance of the different physical mechanism.

To answer Research Question 2 we will finish the implementation of the check tool in Delft3D. Then, the
tool will be extended accounting for secondary flow. Once the tool is validated, it will be applied to idealized
simulations to get insight on the consequences of ill-posedness.

To answer Research Question 3 we will run simulations which, rather than idealized, resemble the conditions
frequently found in field cases.

Eventually, we will write a report presenting the results.

3 Model Equations

In this section we describe the equations that model shallow water flow with a parametrized secondary flow
correction together with the active layer model of |Hirano| (1971)). These equations represent hydrostatic flow
over a mobile bed composed of several (N) non-cohesive sediment fractions. In Section we write the model
equations. In Section [3.2] we simplify the equations. In Section [3.3] we describe the closure relations of the
model. The equations are expanded in Section to write them in matrix form (Section [3.5)).

3.1 Balance Equations

The equations we use are:

e Water mass conservation:

Oh  0gqr = Ogy
2T 1
ot T or T oy (1)
e Water momentum conservation in x direction:
g, , Olgz/h+gh*/2)  O(*5) . On .,
= h— — = —ghSts 2
5 T 5 g, gy ~ P = —0hS; (2)
e Water momentum conservation in y direction:
0qy | Olgy/h+gh*/2) 0(*5)  an
St o9 + a; + gh% — Fl, = —ghSy, (3)
e Constitutive equation for the secondary flow intensity:
dI g, 0I q,0I 021 021
— =4+ = - — —Dy— = 5; 4
ot T hor T hoy Homr PHap = )
e Sediment mass conservation for the entire mixture (Exner):

o T or T oy

Sediment mass conservation per grain size in the active layer (Hirano):

OM,y, n ]ga(n_La) +a(1bk:c OQviy

= ,N-1
ot ot Oz + Ay 0 kefl, } (6)
e Sediment mass conservation per grain size in the substrate:
OM;, a(n— L,
E_pdi=La g g N1 (7)

ot ot

where:
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x = Cartesian x coordinate [m]

y = Cartesian y coordinate [m]

t = time coordinate [s]

h = flow depth [m)]

q. = specific water discharge in x direction [m?/s]

q, = specific water discharge in y direction [m?/s]

1 = bed elevation [m)]

f,g = volume fraction content of size fraction k at the interface between the active layer and the substrate
-]

L, = active layer thickness [m]

Qvke = sediment transport of size fraction k (including pores) in z direction [m?/s]

Qvky = sediment transport of size fraction k (including pores) in y direction [m?/s]

Qv = total sediment transport (including pores) in x direction [m?/s]

qby = total sediment transport (including pores) in y direction [m?/s]

S, = friction slope in the z direction [—]

S¢, = friction slope in the y direction [—]

g = acceleration due to gravity [m/s?]

My = Fa L, = volume of sediment of size fraction k in the active layer per unit of surface area [m)]

F,r = volume fraction content of size fraction k in the active layer [—]

Mg, = f;z]_L“ fsk(2)dz = volume of sediment of size fraction k in the substrate per unit of surface area
[m]

1o = reference bed elevation [m)

fsk = volume fraction of size fraction k in the substrate [—]

N = number of size fractions [—]

F!, = force per unit mass along the flow depth due to the secondary flow in the x direction [m?/s?]
Fy, = force per unit mass along the flow depth due to the secondary flow in the y direction [m?/s?]
I = secondary flow intensity [m/s]

Dy = horizontal diffusion coefficient [m?/s]

Ss = source term due to secondary flow [m/s]

The volume fraction content of sediment at the active layer and the substrate are constrained by the equa-

tions:

thus,

N N
Y Fu=1, Y falzs)=1, (8)
k=1 k=1

the volume of sediment per unit area are constrained by the equations:

N N
D My ="Lay Y My=n—"Lo—1n0. 9)
k=1 k=1
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3.2 Simplifications
We:

1. assume a constant active layer thickness:
dL,

ot

Substitution of Equation [I0] in [f] and [7] yields:

OM,y, f13%x 190Gy OQke  OQuky

_ _ = 1I,N—-1 11
ot ko or Koy 8x+8y 0 kedl, } (11)
aMsk I 8qb;c I aQby _
5 + fi o + fi Dy =0 ke{l,N-1} (12)

3.3 Closure Relations

The governing equations still need closure relations for the friction slope, the sediment transport rate, the
secondary flow terms, and the fractions at the interface between the substrate and the active layer to form a
complete set of equations. In this section we describe those closure relations.

3.3.1 Friction Slope

The friction slope is:
_ CfoQ S, — CnyQ

2= Tgps . ST s (13)
where:
e (y = dimensionless friction coefficient [—]
e Q = |7l = module of the specific water discharge [m/s?]
3.3.2 Sediment Transport Rate
The sediment transport rate per size fraction (including pores) gpi [m?/s] can be expressed as:
Gk = (Qokas Wky) = ok (COS Pap,singg) k€ {1, N} (14)
where:
o ©,, = direction of the sediment transport rate (correcting for bed slope and secondary flow) [rad]
e ¢y, = absolute value of the sediment transport rate including pores [m?/s]
The direction of the sediment transport rate gy [rad] is:
: 1 0
tan @), = M ke {1,N} (15)
cospr — -5t
where:
e ¢, = direction of the sediment transport rate only correcting for secondary flow [rad]
e g5 = bed slope function [—]
The direction of the sediment transport rate ¢, [rad] is:
—har&rl
tan p, = M (16)

where:

e a; = constant [—]
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The constant ay [—] is:

where:
e £ = Von Kdrmén constant [—]
e E, = calibration parameter [—]

The bed slope function g,y is:

where:
e A, = calibration constant [—]
e B, = calibration constant [—]

e C, = calibration constant [—]

D, = calibration constant [—]

e d;, = characteristic grain size of size fraction k [m]

(17)

(18)

0 = module of the Shields stress of size fraction k [—]

e D,, = characteristic mean grain size of the mixture [m]

Values for the constants are summarized in Table[I]

A‘I BS CS DS

0.5
0.5
0.5

0.0
0.0
0.3

0.0
0.0
0.0

1.70
0.85
9.00

B Note

Talmon et al.| (1995) (their experiments, straigh flume)

Talmon et al.| (1995) (experiments by |Zimmerman and Kennedy| (1978)), circular flume)

Talmon et al|(1995) (2D runs of field and lab)

Table 1: Parameters of the function for the bed slope.

The absolute value of the sediment transport rate is:

@k = Far\/gRd} (1 —p

where:
e ¢}, = nondimensional sediment transport rate [—]
e p = porosity [—]
o R=py/py — 1 = submerged sediment density [—]
e ps = 2650 = sediment density [kg/m?]

e p, = 1000 = water density [kg/m?]

)ape K €{l,N},

The nondimensional sediment transport rate is computed using, for instance, a generalized form of the

relation developed by |Meyer-Peter and Mdller| (1948])

gy = Amax (0 — &0, O)B

where:
e A = nondimensional parameter [—|
e B = nondimensional parameter [—]

e 0. = nondimensional critical bed shear stress [—]

ke{l,N}, (20)
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e ¢, = hiding coefficient [—]
The module of the Shields stress is:

O = ke {l,N
k ngk € { ) }
A common hiding functions is the one due to |Egiazaroff| (1965):

2
logy (19)

log (193—’;)

A simpler expression was developed by |Parker et al.| (1982]):

& = ke {l,N}

b
a=(92) ream
dy,

where:

e b = nondimensional parameter [—]

3.3.3 Secondary Flow Terms
The secondary flow terms in the momentum equations are:

pr = e O
ox dy

o Ty, N orT,,
5y oz Oy

where:

(22)

(24)

(25)

e T/ = shear stress per unit mass and volume along the flow depth in the direction I-m [m?3/s?]

The closure relation for the secondary flow force terms are:

p*I
T, = *2?%%

prI
Toy =Ty =g (& - 4)

B
Tijy = Tz:y = 2?%%

where:
e 3* =B, (ba — 15.602 + 37.5a%) = constant [—]

e . €[0,1] = calibration parameter [—]

o a= % < 0.5 = constant [—]

The closure relation for the source term of the secondary flow equation is:

I-1
Ss=——-"
s T,

where:
e I. = Q/R, = equilibrium secondary flow intensity [m/s]

e T7 = adaptation time scale [s]

e R, = radius of curvature of the streamlines [m)]
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The radius of curvature of the streamlines is defined as:

1 dld2732! _ diyd%
L dt dt dt dt
R, o2 i) ? 3/2 (30)
((t) + (E) )
substituting v = ﬁ—f and v = i"i we obtain:
1 udv _ Udu
_ dt dt (31)

R, (u? +v2)3/2 7

expanding the material derivatives and assuming steady flow we obtain:

i:u2g;+uva —uvgg UQgZ (32)
R, (u? + v2)3/2 ’
in terms of water discharge we obtain:
d )
R R o T TRk T )
R, - 9 3/2 ’
(qx + qy)
The adaptation time scale T7 is:
Lih
T =— 34
0 (34)
where:
e L; = L}h = adaptation length scale [m)]
e L} = 122 = nondimensional adaptation length scale [—]

3.3.4 Volume Fraction Content at the Interface

The volume fraction content at the interface between the active layer and the substrate under degradational
conditions is assumed to be equal to the volume fraction content at the top part of the substrate. Under aggra-
dational conditions |Hirano| (1971) proposed the flux to the substrate to have the same grain size distribution
as the active layer. |Parker| (1991)) introduced the concept that the aggradational flux to the substrate is also
influenced by the grain size distribution of the bed load. |Hoey and Ferguson| (1994]) combined both concepts in
a parameter that sets the contribution of the bed load relative to the active layer. Currently, only the initial
concept of Hirano is implemented in Delft3D which in mathematical terms can be written as:

. 9(n—L,
1= e =n—Lo) i gkl <0 (35)
"\ Fur if 20-le) 5 g

3.4 Expansion of the System Equations

All the terms in the model equations need to be expressed as a function of the second derivative, first derivative,
linear relation, or source of the dependent variables of the system (i.e., h, ¢y, gy, I, 7, MoxVk € {1, N —1}). The
terms that need to be decomposed are the secondary flow terms in the momentum equations (Section ,
the sediment transport rate (Section , and the source term in the constitutive equation for secondary flow
(Section . The system equations are written in expanded form in Sections

3.4.1 Expansion of the Secondary Flow Terms in the Momentum Equations

The secondary flow terms in the momentum equations, Equations , , and are a function of the
specific water discharge and secondary flow intensity only:

'/' = f(qTalIya[) =
8Ti/j B 8T’ ¢z . 8T’ 6qy 8T;] g
or  Oqp Ox Jdqy Ox ol Ox

and (36)

oTy; _ OTj; 9q. n OTj; 8q,  OTj; 01
oy 0qzr 9y aqy dy ~ 0I Oy
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where i = (z,y) and j = (z,y).

3.4.2 Expansion of the Sediment Transport Rate

The directional sediment transport rates gur. and gur, are not only a function of the flow velocity in their
respective directions but also of the flow velocity in the other direction and the secondary flow intensity:

dn On
T = h T 71 Ma IR
vk f( Az, 4y k Oz 8y)

Otohs _ Ovha Oh | Ok 00x  Ooka 09y | Otoha OT

O oh dx  dq, Ox ' 8q, ox = Ol Oz (37)
! Ope OMy a%m 0*n  Oquee 0°n
- 1,N
+Z oM Oz | 991 02 022 Dxdy ke {1N}
and,
don On
y — h7 i2) U,I,Ma/’777
Qoky = f(h:qasq 5 8y)

Ovky _ Oqoky Oh  Ooky ¢ | Odoky gy n Oqury 01
oy oh 9y = dq, Oy = dq, Oy Ol Oy (38)
~ Oqviey OM n Oquey 0%n n OQvry @
< OMa Oy 8%: 0x0y a%z Oy?

ke {l,N}

The same holds for the total bed load in 2 and y direction (g, and qby). Note that M,y is not an independent
variable.

3.4.3 Expansion of the Source Term in the Constitutive Equation for the Secondary Flow

Here we expand the term S5 of Equation .

- I*Ie -1 I i -QI gz dqy 0q. dqy
Ss = T, T, + T, 2L + Sszx I + Soya B + Seay By + Seyy By (39)
where:
1
Sszz == 7*(*(1:6(1 )
Qh2L% Y
1
Ssye = * q2
1 2
Ssey = m(—qy)
1
Ssyy == 4Qh2L; (Q$Qy)
3.4.4 'Water Mass Conservation
All the terms of Equation are already expanded:
Oh  0qy = Ogy
I AT ) 41
ot * Or + dy (41)
3.4.5 Water Momentum Conservation in & Direction
0. | O(2/h+gh?/2) (%) . dn
— L h— hS ¢y
ot oz Ty T ~9hSre =
0qs G oh q. OT. \ Oq, OT'. 0Oq oT! oI on
h— 92 _ ZThmx ) ZAr Zlwe 20V Zrew 20 4 gp
8t+< (% )>8x (h 94 ) 0x  daq, 0z oI oz ox @)
+_Qwa @ + Qy aTéy 0q, (4 aTa/:y &Iy aTwy g
h? Oy h 0q, ) Ox h O0qy ) Oy ol dy
qugcQ
+ SR 0
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3.4.6 Water Momentum Conservation in y Direction

0q,  Olgy/h+gh?/2) o(%f) on
— L h— — F;, = —ghS;
ot y T Ty, ghSpy =
% + —qxzqy @ + qy . 8T1§z 6%- + 9z . 8T1§z 6Qy 8T1:L g
ot h? Ox 0q, ) Ox h O0q, ) Ox oI Oz
oT! oT! orT! oI
gh— (% ) Oh Ty 0ts (ot T ) Oy uy 0L 00,
Oy  Oqp Oy h O0qy ) Oy ol Oy dy
3.4.7 Constitutive Equation for the Secondary Flow
ol  q,0I q,0I 0?1 0?1
L B Dyt Dpes =
ot hoxr  hdy " oz2 9y S
ol 0?1 %I Jq dq gz O1 Jq dq qy O1 QI
9f -D _ Yz Yy | 9= 0L Wz g Oy | 9y 9L _
ot~ PHgge ~ Piga T Swag ~ Swa gt G~ Sy~ S T 50t e
3.4.8 Sediment Mass Conservation for the Entire Mixture
@ aQZm aqby -0 —

ot or dy

@ aqbz @ aqu 8(]% aqu % 3be g s aqu aMal
ot oh 0xr  Oq, Ox dqy Ox 0l Oz — oM, Ox

N-1

Oqvy Oh Oqvy Oqw | Ogvy Oqy | Oguy O1 Oqyy OMy
Oh 0y 0q, Oy O0qy Oy ol 0y — oMy Oy

3.4.9 Sediment Mass Conservation per Grain Size in the Active Layer

O M, 1 a%z gl aQby OQokz . OQoky

T et oy =" ke{l,N-1} =
OM n ok 1 OQva 5h 3Qbkm 190 | O0x ok 1 Oqva | Ogy
ot oh kK on | ox 4 K 0q. | 0z dqy ¥ oq, | Ox

N-1
+ [&ch 10gp } 0 Z [&ka 1 Oqp ] 0 Ly

oI ka1 | ox oM, "FoM,| ox

|:aQbkx 1 b } oh {3%1«5 10 ] 04y {3%1“ 1 O } gy

oh  "Fon | oy 0 Foq. | Oy dq, "% aq, | oy

n aqbkz _ Bsz o1 sz vkz o1 Obx | OMar
* Ay dy

£ [OMy "F OMy

3.5 Matrix Formulation

(43)

(46)

In this section we write the system of equations in matrix formulation. Equation ([12]) is a linear combination of
equations ([L1]) and . The rest of the equations do not depend on M. Thus, the substrate equations provide

a zero eigenvalue with multiplicity N — 1. To simplify the writing we omit the substrate equations.

We recast the model Equations, , , , 7 , and in matrix form:

0Q 9*Q 9’Q 9’Q 0Q 0Q
= TPx53 +Dyay2 +C@x3y+A v +Ayay

+S=0

The dependent variables are h, q., gy, 1, 17, and Mgy, for 1 <k <N —1:

(48)
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The diffusive matrix in x direction is:

0 0 0 0 0 ! [0]
0 0 0 0 0 (0]
0 0 0 0 0 + [0]
D, = 0 0 0 Dy 0 : (0]
L o 10
0 (o [ (o [%%=- %] (o
i 7 (49)
The diffusive matrix in y direction is
0 0 0 0 0 L[0] T
0 0 0 0 0 L [0]
0 0 0 0 0 ' [0]
D.—| 0 0 0 Dy 0 | 0]
Yy aq !
0 0 0 0 o (0]
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, W, oo e
o0 o 0 0 |- o
L dy oy | i
(50)
The matrix of cross derivatives is
0 0 0 0 0 0] T
0 0 0 0 0 0]
0 0 0 0 0 0]
c—| 0 0o 0o o 0 0]
0 0 0 0 Ogpa | Oy 0]
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 0%y P8 .
O Oqne | Oaviy Oqy | !
0 o 0 o [ - g2+ e - 2] )
(51)
The system matrix in x direction is
i 0 1 0 0 0 0] 1
- . OT._ aT. . aT. |
gh — (%) 2% — 9da ~ Dy al gh . (0]
—g.1, , T , o, o, 1
A — (;l?q %_ 94 % ~ Oqy oI 0 ! [0]
z = 0 Ssza Ssya % 0 3 [0]
9qve 9qbs s b 0 ! [5%1}
,,,,,,,,, oh 0% % o T OMa]
(2 — i ] [P -] [ -S| [P - l0ge] o0 (S - ]
(52)
The system matrix in y direction is
r 0 0 1 0 0 [0] 1
vy . OTL, . OTL, oty
?qu qTL T 0qa qTL r oI 0 ! [(D]
, aTy, oT;, oT;, !
A gh— (%) Dan 2% — ay —ar gh | (0]
v 0 —Ssay —Ssyy qu 0 (0]
9y vy vy 94by 0 [8%@}
,,,,,,,,, oh %% % o or T |OMa]
| [P %] [ -] e die] [ -si%e] o] [Ge - sl |
(53)
The vector of source terms is:
0
gthz
hS
s= "o (54)
R2L%
0
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4 Perturbation Analysis

In this Section we conduct a perturbation analysis of the model equations (Section [4.1). We test the linear
analysis by means of numerical simulations (Section |4.2)).

4.1 Linearization

We consider a reference state of dependent variables Qg which is a solution of the equations and a small
perturbation to the state Q' so that Q = Qg + Q’. The reference state is that of steady uniform straight flow
in an arbitrary direction over a flat sloping bed composed of an arbitrary uniform grain size distribution.

Mathematically, ho = cl, gz0 = ¢2, gyo = ¢3, Iy = 0, g—z =c4, g—z = cb, Maro = ¢6 Vk € {1, N — 1}, where
c¢X stands for a constant such that:

9Qo Qo 9*Qo Qo 9Qo 9Qo B
ot + Dy (Qo) 922 + D, (Qo) oy° +C(Qo) D20y + Ax (Qo) oz +A, (Qo) Ty +S(Qo) =0 =
0 0
Ax(Qo) T2 + A, (Q) 20 4 8(Qu) = 0
(55)
We substitute the perturbed solution into the system of equations (47)):
oQ 0%Q 0%Q 0%’Q oQ oQ B
Pep@iFen @i rc@y i a@Pra @ s@-0 —
2(Qo +Q) N 0% (Qo+ Q) N9 (Qo+ Q) n 02 (Qo+ Q)
T+Dx(Q0+Q)T+Dy(Q0+Q)T‘FC(Qo-FQ)W‘F
0 ! 0 !
(@ @) MBI g e+ @) MBI s (004 @)~ 0
(56)
The terms of the matrices Dy, Dy, C, Ay, and Ay evaluated at (Qo + Q') are linearized such that:
G (Qo+Q') = G(Qo) + Ga (Qo) Q' + 0 (Q?) (57)

where G is one of the matrices and Gy is a matrix that contains the first order terms. For instance, for the
first term of the momentum equation in the z direction we obtain:

gh - (%)2 =g(ho+ )~ (W)Q _

— gho + g’ — (qgo Y2y quoq;> (hg? — 2031) = (58)
4o\’ qz q / :
=gho— (=) + g+ 22 )W +2°2q, — hoq2 +2hg *h'q,? — 4hg quod,
ho h3 h2

Neglecting secondary terms we obtain:

, 32 / , 82 32 / 82 l
D; Qo+ @) DYy @u) + Dy (@ @) |G+ SE | —pi@n GE 69
) (Qot Q) [0°Q0 QT 0 0°Q
¢l +@) IV e @GR G e G @)
0 ! 0 oqQ’ o
83(Qo+ @) B ;@) + Ag (@0 @1 | T2+ O] Ao @ 1 400
(61)

where subindex j = z,y. We have used that 3;,20 = 0 and that Gy (Qo) Q' a;j%/ is negligible. Note that
% = (0 because the bed slope is not zero. In this case:
Ino o’

= gho—— ho—— K
goaj+goaj+9

o

9 (mo+1n') o
dj

aj (62)

877_ /
ghaj =g(ho+h)

11
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where we have neglected secondary terms. The first right hand side term is part of A;(Qo) aa%, the second

term is part of A; (Qo) 38—(‘?/ and the third term is the only term of Aj; (Qo) Q'aa%. Thus, we write:

0 0 0 0 0 ][0
g% 0 0 0 0 ][0
g0 0 0 0 ][0
Ag = (Agx 9Qo 4 A 9\ = | 9oy !
I ( 3% (Qo) " + Aay (Qo) f’y)Q 0 0 0 0 00
200 0 0 0 :[0
[©] [0] [o] [o] [o]: [0]
(63)
where 83% = —% which we obtain from the fact that Qg is a uniform steady solution.
0
The source term is linearized:
S(Qo+ Q') =S(Qo) + 81 (Qo) Q' + 0 (Q7) (64)
where Sy is the jacobian of S:
0 0 0 0 0 :[0] T
- C 2 2 '
i UEZEL Cgam 0 0 i)
_ c !
;= | ag e f(,%$Qy) 0 00
*ZQ,I Qo1 qy Q 0 ! [@]
L7h3 L;R?Q L7h2Q Lih? 1
S S SO 0 0 0110
(0] (0] (0] [0] [0 [0]
(65)

Substituting Equations , , , , and in Equation and using the fact Qg satisfies
Equation we obtain:

oqQ/
= 1D,
ot X0 5,2

82 / 82 / 82 / a / a /
QL by ay‘f +Coax§y+Ax0%+Ayoa—Qy+B0Q’:0 (66)

where the subindex ¢ indicates that the matrix is evaluated at the unperturbed state and B = Sy + A g¢.
Assuming a wave type perturbation Q' = Q (t) e****+¥4¥ where i is the imaginary unit and k, and k, are
wave numbers in 2 and y direction respectively and Q (¢) is a time dependent amplitude we obtain the system:

ac; t(t) — Dok Q (1) — Dyok Q (1) — CokukyQ () + Axoika Q (1) + Ayoiky Q (1) + BoQ (1) =0 — o
9Q() _ [Dxok? + Dyok?2 + Cokyky — Axoiks — Ayoik, — Bo] Q (t)
ot X0, yoFky 0FzRy x01Rz yOlKky 0
Using the properties of the eigenvalues we obtain the ordinary differential equation:
% v (68)
where ® and A are an eigenvector and eigenvalue of matrix
R = Dyok? + Dyok? + Cokuky — Axoiks — Ayoik, — Bo , (69)

respectively. The real part of A, Ym € {1, N 4+ 4} is the growth rate of the perturb solution. The imaginary
part yields the propagation speed.

4.2 Test Using Numerical Simulations

In this Section we test the linear stability analysis. To this end we study the initial development of free
alternate bars in straight channels which are recognized to be the result of an instability mechanism (Engelund
and Skovgaardl 1973} |Parker| 1976} |Fredsce, [1978; |Olesen), [1982] 1983} |Kurok: and Kishil, (1984} |Ikedal, |1984;
Jaeggil [1984; [Colombini et al.l 1987, | Tubinol (1991} |Schielen et al.l 1993 | Tubino et al.l|1999;|Lanzonil 2000). We
compare the linear theory with the results of numerical simulations using Delft3D following a similar strategy
as [Swiglia et al (2013)).

The linear analysis predicts the stability or instability of a combinations of wave numbers in streamwise and
transverse direction for a given a reference state. That is, a double-periodic perturbation (characterized by a

12
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certain wave number in z and y direction) is added to a uniform flow and if the real part of all the eigenvalues
of the resulting system, Equation , are negative, the perturbations will decay. If at least one is positive,
they will grow.

We consider a uniform state with the parameters shown in Table 2] We consider unisize sediment. The
sediment transport rate is computed using the relation by |Engelund and Hansen| (1967). The bed slope effects
are taken into account using the relation by |Sekine and Parker| (1992). This is equivalent to use the relation by
[Koch and Flokstra| (1980), Equation (I8), with parameters A; = 1, B, = 0, Cs = 0, and D, = 0. The instability
domain of the reference state is plotted in Figure [l The curves are the separatrix between the linearly stable
and unstable domains (i.e., growth rate, real part of the eigenvalues, equal to 0). The continuous line is obtained
assuming no secondary flow while the discontinuous line considers secondary flow with a diffusion coefficient
Dy = 5m?/s. The left plot presents the domain in terms of wave number. The right plot present the same
domain in terms of wavelength. Due to the impermeable boundary conditions at the closed domains (i.e., the
river banks), only natural multiples of 7 are valid transverse wave numbers. Since the first mode (i.e., transverse
bars) is the most unstable one (Colombini et al.l (1987} |Schielen et al., [1993), the width is obtained as 7/ky,.
Note that secondary flow reduces the unstable domain thus reducing the conditions in which bars grow.

um/s] vm/s] hm] Cy[-] dy[m] s [-] ok [m?/s]
1 0 1 0.007 0.001 7.13541 x10~% 1.118 x 10~*

Table 2: Physical parameters of the reference state to test linear analysis.
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Figure 1: Domain of linear stability of the reference situation (Table [2]) in terms of: (a) wavenumber, and (b)
wave length. The continuous line is the separatrix for the case without secondar flow while the dashed line is
the separatrix considering secondary flow and a diffusion coefficient Dy = 5m?/s. The circle and square mark
the conditions of the numerical simulations (Table .

We conduct three numerical simulations varying the width and the consideration of secondary flow (Figurell]).
The simulations start under the equilibrium conditions of the uniform reference state in which a double-periodic
perturbation in bed elevation that satisfies the boundary conditions is added:

'~ psin (™Y T
n —Asm(B)cos(Lb 2) , (70)

where A = 0.005m is the amplitude, B [m] is the width, and L, = 100m is the streamwise wavelength. The
channel is aligned with the x axis with the origin at the center of the channel. Table [3| presents the parameters

13
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which are equal for all simulations and Table [4] presents the ones which are different. The simulations have a
spin up time of 1800s for the flow to adapt to the perturbed initial condition. We have visually checked that
after the spin up time the flow is steady.

L m] At[s] Az[m] Ay [m] T [s]
1000 1 1 1 (1800) + 3600

Table 3: Parameters which are equal for the simulations to test the linear analysis. The symbols not defined
previously are the length of the domain L [m], the time step At [s], the space step in the z direction Az [m],
the space step in y direction [m], and the simulation time T [s]. The time in parenthesis is the spin-up time.

Simulation B [m] sec. flow linear analysis

L1 22 N growth
L2 17 N decay
L3 22 Y decay

Table 4: Parameters which are different for the simulations to test the linear analysis.

In Figure 2| we show the evolution of the flow depth with time at y = B/2 for a location in which initially we
find the trough of a bar (i.e., maximum flow depth). For the three numerical simulations the initial perturbation
grows or decays as predicted in the linear analysis.

time [s]
2000 2500 3000
[ T
1.00525 - - - - - -
1.0052 1 - 1
E 1.005157¢ - 1
<
o
[}
©
3 1.0051f : ]
1.00505 - 1
a b C
1.005 I 1 1 1 'l 1 1
520 525 530 535 520 525 530 535 520 525 530 535
x coordinate [m] x coordinate [m] x coordinate [m]

Figure 2: Domain of linear stability of the reference situation (Table [2]) in terms of: (a) wavenumber, and (b)
wave length. The continuous line is the separatrix for the case without secondar flow while the dashed line is
the separatrix considering secondary flow and a diffusion coefficient Dy = 5m?/s. The circle and square mark
the conditions of the numerical simulations (Table @)

5 Results of the Linear Analysis

In this section we apply the results of the linear analysis to study the effects of secondary flow and bed slope
effects on the mathematical character of the system of equations.

14
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5.1 Definition of Ill-posedness

In this section we describe the conditions

e Hadamard definition

e dampening of oscillations for increasing kwx and kwy
e the largest degree rules

e friction does not affect

e if no diffusion in all equations

e if diffusion in not all equations

e if no diffusion only eigenvalues of Ax i Ay

e possible role of eigenvectors

5.2 Secondary Flow in a Unisize Sediment Case

e ill-posed if sec flow but no diffusion 020

e role of diffusion

5.3 Secondary Flow in a Mixed-size Sediment Case
5.4 Bed Slope Effect in a Unisize Sediment Case
5.5 Bed Slope Effect in a Mixed-size Sediment Case

6 Ill-posedness Check in Delft3D

In this section we test the implementation of the ellipticity check in Delft3D.

6.1 Implementation Test Without Considering Secondary Flow nor Bed Slope
Effects

In this section we test the implementation of the ellipticity check under conditions without secondary flow nor
including the effects of bed slope on the sediment transport. Under these conditions the system of equations
does not have diffusive terms. Moreover, the well-posedness of the system is not influenced by the source
terms (Section |4.2]). Thus, the test is based solely on the analysis of the matrices in Equations and .
Chavarrias and Ottevanger| (2016) checked that the matrices were correctly implemented. Here we test that
the eigenvalues are correctly computed and that the output is correctly passed.

We use the same three test simulations as in |Chavarrias and Ottevanger| (2016). The simulations are 2
dimensional. The domain is rectangular with two open boundaries on opposite ends. The initial condition
is in equilibrium for a certain upstream water and sediment discharge and a certain downstream water level.
The initial water and sediment discharge remain constant throughout the simulation time. A slow lowering
(0.001 m/min) of the downstream water level is imposed that causes degradational conditions. The simulations
differ in the number of size fractions and the initial stratigraphy. Table [f] summarizes the initial conditions
and physical parameters that are the same for all simulations. Table [6] contains the initial conditions and
physical parameters which are different between simulations. Table [7] summarizes the numerical parameters of
the simulations.

Lm] Bm wfm/s] vm/s] hlm] Cj[-] L4 [m] s [-]
1 1 1 0 1 0007 01 7.13541-10 ¢

Table 5: Physical parameters of the simulations to test the implementation that are equal for all simulations
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Simulation dy, [m] Fop [—] fE - qpp [m2/s] Sed. Trans.  Math. Charac.
11 [0.001, 0.002] [0.50, 0.50] [0.50, 0.50] [5.588,2.794] - 10 © EH W
12 [0.001, 0.002] [1.00, 0.00] [0.00, 0.00] [0.000, 5.588] - 10~ 5 EH i
13 [0.001,0.002,0.004]  [0.33,0.33,0.33]  [0.33,0.33,0.33]  [6.723,6.319, 5.865] - 10~ 2 MPM-PO0.8 w

Table 6: Physical parameters of the simulations to test the implementation that are different for all simulations.
EH stands for |Engelund and Hansen|(1967)) and MPM-P0.8 stands for |Meyer-Peter and Muller| (1948]) with the
hiding correction by |Parker et al.|(1982)) with parameter b=0.8. W means well-posed and I ill-posed.

At[s] Az [m] Ay[m] Az[m] T [s
0.1 0.5 0.5 0.5 60

Table 7: Numerical parameters of the simulations to test the implementation

The symbols not defined previously are the length L [m] and width B [m] of the domain, the bed slope s [—],
the time step At [s], the space step in the x direction Az [m], the space step in y direction [m], the thickness
of the substrate layers Az [m], and the simulation time 7' [s].

In Tables and@]we show the eigenvalues of matrices Ay and A, respectively, as computed for the reference
situation using Matlab. In Tables [10| and [11| we show the eigenvalues given in Delft3D at the node n = 2 and
m = 2 at t = 2 s. The minimal difference is mainly due to the fact that while the eigenvalues computed in
matlab are those at the exact reference situation, the ones in Delft3D are computed with the flow conditions

after 2s.

Eigenvalue 1 12 13

A1 +4.133 + 0.000i +4.133 + 0.000i +4.134 + 0.000i

A2 —2.134 + 0.000i —2.133 + 0.0001 —2.135 + 0.000i

A3 (+6.216 + 0.000i) x 10=*  (+7.251 + 6.630i) x 10~%  (4+1.382 + 0.000i) x 10~3
VI (+1.552 + 0.000i) x 1073 (+7.251 — 6.630i) x 10~%  (+3.258 + 0.000i) x 10~3
As +1.000 + 0.000i -+1.000 + 0.000i (+2.995 + 0.000i) x 1073
A6 -+0.000 + 0.000i -+1.000 + 0.000i

Table 8: Eigenvalues in the z direction for the reference situation computed with Matlab.

Eigenvalue 1 12 I3

A1 +3.132 4+ 0.000i 43.1324-0.000i —3.133 + 0.000i
A2 —3.1324+0.000i —3.132+0.000i +3.133 + 0.000i
A3 40.000 + 0.000i  4-0.000 + 0.000i  4-0.000 + 0.0001
oV +-0.000 + 0.000i  +4-0.000 + 0.000i  +4-0.000 + 0.0001
As +0.000 + 0.000i  4-0.000 + 0.000i  4-0.000 + 0.000i
A6 +0.000 + 0.000i  4-0.000 + 0.000i  4-0.000 + 0.000i

Table 9: Eigenvalues in the y direction for the reference situation computed with Matlab.

Eigenvalue 1 12 13

A1 +4.133 + 0.000i +4.133 + 0.000i +4.133 + 0.0001

A2 —2.134 + 0.0001 —2.133 4+ 0.0001 —2.135 + 0.0001

A3 (+6.216 + 0.000i) x 10™*  (+7.249 + 6.622i) x 10~*  (+1.383 4 0.000i) x 1073
VI (+1.552 +0.000i) x 1073 (47.249 — 6.622i) x 10~*  (43.261 + 0.000i) x 1073
As +1.000 + 0.000i -+1.000 + 0.000i (+2.998 + 0.000i) x 103
A6 -+0.000 + 0.000i +1.000 + 0.0001

Table 10: Eigenvalues in the z direction computed in Delft3D.

e check output elliptic/hyperbolic
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Eigenvalue 1 I2 I3

A1 +3.132 +0.000i  +3.132 4 0.000i —3.132 + 0.000i
A2 —3.132 +0.0001 —3.132 +0.000i  +3.132 + 0.0001
A3 -+0.000 + 0.000i  +4-0.000 4- 0.000i  +0.000 + 0.000i
A4 +0.000 + 0.000i  4-0.000 + 0.000i  +4-0.000 + 0.000i
As +0.000 + 0.000i  40.000 + 0.000i  +-0.000 + 0.000i
A6 +0.000 + 0.000i  +0.000 + 0.000i  +0.000 + 0.000i

Table 11: Eigenvalues in the y direction computed in Delft3D.

6.2 Implementation Test Considering Secondary Flow and Bed Slope Effects
6.3 Experiment by Ashida et al. (1990)
6.4 DVR Simulation

7 Discussion

e Perturb around a state with secondary flow intensity equal to equlibrium.
equilibrium solution of flow in a bend rather than flat bed no circular flow.

That is, perturb around

e possible role of eigenvectors

8 Conclusions

e role of diffusion in secondary flow formulation

e implementation validated in Delft3D
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